Abstract. The concept of (Orlicz, Breckner) co-ordinated (s, σ)-convexity is introduced for two variables real functions. Upper and lower sharp integral boundary properties of Hermite-Hadamard type are proved on rectangles.
Introduction
Let us denote by R, Q, Z and N, respectively, the set of all real, rational, integer and natural numbers. 
holds whenever p, q ∈ [a, b] and p < q. The reverse inequality characterizes the concave functions. The inequality is sharp for affine functions.
The concept of convex function (classical convexity [15] ), was extended in many directions and frameworks due to its numerous applications in optimization, variational methods, geometry and artificial intelligence. Moving to functions defined on spaces with more dimensions is one of the directions of generalization. The first Hermite-Hadamard type inequalities for co-ordinated convex functions in two dimensions are in [11] . Various kinds of generalized convexity are extended to functions of several variables and generated integral inequalities of Hermite-Hadamard type (see, for example, [1] , [4] , [18] ).
The properties of s-convexity generate the framework of this paper. Let s ∈ (0, 1]. The first concept of s-convexity was defined in 1961 by W. Orlicz [20] :
for all x, y ∈ [0, +∞) and α, β ∈ [0, 1] with α s + β s = 1. If the inequality is strict then f is said to be strictly s-convex in the first sense. The reverse inequality defines the s-concavity in the first sense (or Orlicz concavity) of f . If the inequality is sharp then f is called s-affine in the first sense.
A later s-convexity concept is in the following definition, given in 1978 by W. Breckner [5] :
for all x, y ∈ [0, +∞) and t ∈ [0, 1]. If the inequality is strict then f is said to be strictly s-convex in the second sense. The reverse inequality defines the s-concavity in the second sense (or Breckner concavity) of f . If the inequality is sharp then f is called s-affine in the second sense.
The main properties of the functions having either Breckner or Orlicz convexity properties are in [6] , [10] , [14] . The relationship between the two s-convexity properties is studied in [10] and [14] . Integral inequalities of Hermite-Hadamard type within various classes of s-convex functions are numerous, depending on particular additional properties (see, for example, [7] , [8] , [9] , [10] , [19] ). The corresponding concepts of co-ordinated concavity are defined by reversing the properties of the partial mappings. Also, the corresponding concept of affine function on one or both co-ordinates are defined by means of the corresponding properties of the partial mappings. 
The Breckner co-ordinated (s, σ)-convex functions are frequent in the inequalities literature. Many techniques of approach generated inequalities of Hermite-Hadamard type for this kind of functions (see [2] , [3] , [21] ). Additional properties of functions, such as differentiability, generate many integral inequalities as in [16] , [23] , [24] . The Orlicz co-ordinated (s, σ)-convexity is less approached from the point of view of integral inequalities [22] . The properties of convexity of the partial mappings are identic in the most part of the literature referring to the integral inequalities (see [1] , [11] ). Many times the partial mappings are s-convex in the second sense with the same s ( [2] , [3] , [16] , [21] ) or with distinct values s 1 and s 2 , as in [4] . The Orlicz convexity of the partial mappings, by means of two distinct values s 1 and s 2 is approached in [22] . As consequence, there are Hermite-Hadamard type inequalities both in case of the Breckner co-ordinated (s, σ)-convexity and of the Orlicz co-ordinated (s, σ)-convexity. There is a class of functions, for which the two s-convexities coincide, which was approached in the previously quoted papers. We deal with the case of those functions that have distinct convexities, not implying each-other. In this paper we derive new Hermite-Hadamard type inequalities the class of (Orlicz, Breckner) co-ordinated (s, σ)-convex functions on rectangles, which combines two convexities.
Lower bounds of Hermite-Hadamard type
All the two variables functions considered in this section have (Orlicz, Breckner) co-ordinated convexity property on a rectangle D ⊆ [0, +∞) and are Lebesque integrable on D. The properties of the Orlicz-convex functions (see [14] ) and of the Breckner-convex functions (see [6] ) show that this class of functions is very numerous.
Taking t = in this inequality, one gets the required result.
Proof. In the inequality from Lemma 2.1 one takes
] expressed as convex combinations of the interval extremities, as follows:
. Then x 1 + x 2 = a + b and y 1 + y 2 = c + d and one gets:
Let us change the variables as follows:
• Put t The previous inequality becomes:
which yields the required inequality.
Theorem 2.3. Let two numbers s, σ ∈ (0, 1], not necessarily distinct, be
Proof. The proof follows the same steps as the proof of the previous theorem. Except that we make the following change of variables in inequality (2.3):
• Put ta + (1 − t)b = x in the first two integrals.
• Put (1 − t)a + tb = x in the third and the fourth integrals.
• Substitute the second coordinate in the same manner as in the proof of the previous theorem.
The inequality (2.3) becomes
which yields the expected result. 
Proof. The s-convexity in the first sense of function f with respect to the first coordinate means that taking t ∈ [0, 1] and y ∈ [c, d] one gets the following inequalities:
Compute the sum of (3.2) and (3.3) and get
Integrate this inequality with respect to t over [0, 1].
.
s dp, p(0) = 1 and p(1) = 0. The inequality (3.4) becomes
Changing the notation p = t, the inequality (3.5) becomes
Using the Breckner type convexity of f with respect to the second co-ordinate in the right side of this inequality one gets
Changing the significance of τ into 1 − τ , so y = (1 − τ )c + τ d, one obtains a similar inequality
Compute the sum of (3.6) and (3.7) and integrate the resulted inequality with respect to τ over [0, 1] , obtaining the required inequality. 
Proof. First we use the s-convexity in the first sense of function f with respect to the first coordinate. Taking t ∈ [0, 1] and y ∈ [c, d] one gets the following inequalities:
Computing the sum of (3.9) and (3.10) one gets
which is equivalent to
. By the Breckner type convexity of f with respect to the second co-ordinate (3.12) becomes
Putting y = (1 − τ )c + τ d, τ ∈ [0, 1], one derives:
The sum of (3.13) and (3.14) can be written as
Integrating this inequality with respect to τ over [0, 1] one obtains the required inequality.
Remark 3.1. If s = σ = 1 then both inequalities (2.2) and (2.4) reduce to the upper bound from [11] , Theorem 1. Remark 3.2. Inequalities (3.8) and (3.8) are sharp. We prove their sharpness as in the case of the lower bounds. Let us chose function f to be Orlicz-affine in the first co-ordinate and Breckner-affine in the second coordinate, which means thatf (x, y) = k constant, according to [17] . Let us take s = σ = 1. Then inequalities become (d − c)k ≤ (d − c)k in this case, which proves their sharpness. We have considered two variables co-ordinated generalized convex functions obtained by means of the s-convexity both in the first and in the second sense. Combining the two kinds of s-convexity in all possible manners we obtained three concepts of co-ordinated (s, σ)-convexity. Some of these convexities were previously studied in the mathematical inequalities literature. One of these concepts, called (Orlicz, Breckner) co-ordinated (s, σ)-convexity, is new. Several new Hermite-Hadamard type integral inequalities for (Orlicz, Breckner) co-ordinated (s, σ)-convex functions are established. Results proved in this paper continue to hold for all the three kinds of co-ordinated (s, σ)-convex functions, when one of them intersects the (Orlicz, Breckner) co-ordinated (s, σ)-convexity. The sharpness of these new inequalities is proved. The ideas and techniques of this paper may be useful in obtaining integral inequalities for other classes of two variables functions having generalized convexities on co-ordinates. This is an interesting problem of future research.
